ABSTRACT. In this article, we proof the Poincaré duality with coefficient Q ℓ on a surface with isolated rational singularities.
INTRODUCTION
The Poincaré duality theorem in theétale cohomology was established in [1, XVIII, 3.2] on the smooth varieties. But in many times, the duality on singular varieties has to be considered. In this paper, we study the surfaces with at most isolated rational singularities. Roughly speaking, these are isolated singularities of a surface which are "cohomologically trivial" (in the sense of cohomology of coherent sheaves). In [3] , J. Lipman prove that a two-dimensional normal local ring R has a rational singularity if and only if R has a finite divisor class group. This makes me think that rational singularities only affect the torsion part of theétale cohomology with coefficient Z ℓ , but leave the free part invariant. In other words, surfaces with rational singularities should share the same good properties with nonsingular surfaces in theétale cohomology in with coefficient Q ℓ . In particular, we obtain the Poincaré duality with coefficient Q ℓ . But the duality with coefficient Z ℓ or finite coefficient is no longer valid, which we shall see in the proof of the main theorem.
Notation and Conventions. For a vector space V over a field K, we use V ∨ to denote its dual space.
If X is a scheme and P a point on X, we use P to denote associated geometric point on X.
An algebraic scheme over a field k is a scheme separated, of finite type over k. A variety over k is a geometric integral algebraic scheme over k. If X is an algebraic scheme over a field k, then we define X := X ⊗ kk wherek is the algebraic closure of k.
For an algebraic scheme X over a field k, we use K X := Rp ! Q ℓ to denote the dualizing complex of X, where p : X → Spec k is the structure morphism.
If F • is a complex of sheaves on theétale site of a scheme X, we write
THE MAIN THEOREM
Let X be a surface over an algebraically closed field, P an isolated singular point. We say that X has rational singularity at P if there exists a desingularization π : U → U of an open neighborhood U of P such that π * O e U = O U and R q π * O e U = 0 for all q > 0. An important fact of rational singularity is that the exceptional divisor of the desingularization π is a tree of nonsingular rational curves with normal crossings.
Key words and phrases. Poincaré Duality, rational singularity, ℓ-adic cohomology. Mathematics Subject Classification 2000: 14F20, 14J17 This work is supported by NSFC(10626036) Theorem 1.1. Let X be a surface over a field k, ℓ = char k a prime number. Assume that X is nonsingular except at some isolated rational singular points. Then the canonical morphism t X : Q ℓ 2 ∼ − → K X which is dual to the trace morphism 3 , is an isomorphism in D b c (Xé t , Q ℓ ). This is the main theorem of this thesis, we postpone the proof till §3.
Theorem 1.2 (Poincaré Duality)
. Let X be a surface over a separably closed field k, ℓ = char k a prime number. Assume that X is nonsingular except at some isolated rational singular points. Then
Proof. By Theorem 1.1, t X is an isomorphism. So we have
Let r = 4 in (1.1), we obtain
So (1) is proved. And (2) is by (1) and (1.1).
REVIEW OFÉTALE HOMOLOGY
Theétale homology is more suitable thanétale cohomology on singular varieties. So in this section we briefly review the results in [2] , and calculate theétale homology on curves.
Let k be algebraically closed field, and ℓ = char k a prime number. According to [2] , we define the n-the homology of X to be
If n < 0 or n > 2 dim X, then H n (X) = 0. If f : X → Y is a proper morphism of algebraic schemes over k, there is a push-out map f * : H n (X) → H n (Y ). In particular, if X is a proper scheme over k, there is a degree map deg :
If f : X → Y is a flat morphism of relative dimension d of algebraic schemes over k, we have a pull-back map
Moreover the maps f * and f * commute in Cartesian squares. If we put H n (X) := H 2n X, Q ℓ (n) and H n (X) := H 2n (X)(−n), then there is a cap product
If X is an algebraic scheme over k, then there are cycle maps cl X : CH r (X) → H r (X). And these cycle maps cl commute with f * and f * . Moreover we have
where E is a locally free O X -module and α ∈ CH r (X).
The following two propositions are useful to calculate theétale homology for singular varieties. 
Proposition 2.2 (Mayer-Vietoris Sequence)
. Let X be an algebraic scheme over k, X 1 and X 2 two closed subschemes of X such that X = X 1 ∪ X 2 (as sets). Then we have a long exact sequence
Now we calculate theétale homology of curves.
Proposition 2.3. Let C be a proper algebraic scheme over k which is a tree of nonsingular rational curves with normal crossings. Then we have Proof. We use induction on the number r of irreducible components of C. The case r = 1 is obvious. Assume that r > 1. Since C is a tree of rational curves, we may select an irreducible component C ′ of C, such that, if we denote by C ′′ the union of all other irreducible components, then C ′′ is also a tree of rational curves and C ′ ∩ C ′′ contains only one point. Now after applying Proposition 2.2, we obtain an isomorphism
and an exact sequence
Note that the the following composition
is an isomorphism. Thus l is injective and H 1 (C) = 0. Now we have only to apply inducition on C ′′ .
We translate above proposition into cohomological version as follows, both of which will be used latter. Proposition 2.4. Let C be an proper algebraic scheme over k which is a tree of nonsingular rational curves with normal crossings, C 1 , . . . , C r the irreducible components of C. Then we have
THE PROOF OF MAIN THEOREM
Proof of Theorem 1.1. Obviously we may assume that k is algebraically closed. Let X → X be the minimal desingularization of X. To proof that t X is an isomorphism, we have only to prove that for any singular point P on X and for any n ∈ Z, H n (t X ) P is an isomorphism.
Put S := O X,P , U := S \ {P }, S := X × X S. Let π : S → S be the projection and E := π −1 (P ) the exceptional divisor. Let s : S → X,s : S → X, τ : E → P , i : P ֒→ S andĩ : E ֒→ S be the canonical morphisms. Then we have a commutative diagram
